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Application of HMM

® Stock price analysis

@® Auto speech recognition
® Character recognition

® Sequence alighment

® etc.



Probabilistic Graphical Model (PGM)

PGM is a probabilistic model. The graph expresses the conditional
dependence structure between random variables.
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White circle represents latent variable.
Solid circle represents observed variable.
All of GMM, HMM, Others belongs to PGM.



EM algorithm for PGM

EM algorithm is used to estimate parameters in probabilistic
graphic model (PGM) with latent variables*.

EM algorithm for PGM with latent variables

1. Init parameters
2. E step: q(Z)=p(Z|X6°'9)

3. M step: 6 = arg max O(60,6°)
o
where Q(0,0°) =" p(Z|X6°*)In p(XZ|0)
Z

4. If converge then stop, otherwise goto 2

* More details can be seen in GMM Tutorial.



Generally, estimation of p(Z|X6°") is difficult.
However, the independence of PGM will simplify the model.

D-separation property!!]
Let A, B, C be set of nodes. We can check whether A and B are conditional
independent on C in belowing way.

Check all the paths from node in A to node C. The path is said to be blocked if

(a) 3 head-to-tail or tail-to-tail nodes on the path, and the node is in C.
(b) V head-to-head nodes, neither the node, nor any of its descendants is in C

If all paths are blocked, then A is said to be d-separated from B by C.
That is P(AB|C) = P(A|C)P(B|C).

[1] Bishop, Christopher M. Pattern recognition and machine learning. springer, 2006. Chap. 8.



Exercises
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p(AB|z,) = p(A|z,) p(Blz,) p(ABC|z,) = p(A|z,) p(B|z,)P(Cl|z,)



HMM model

Hidden Markov Model (HMM) is a kind of PGM with latent variables.
O-0O-0O

HMM
HMM'’s joint probability distribution over both latent and observed variables is

p(XZ|0) = p(z, IR)H p(z,

2, A [ p(x, [z, .6) (1)

where the parameters are @ = {n, A,¢}

ntis the start probability of each state.
A is the transition matrix.

¢ is the parameter associated with emission distribution (can be
multinominal, Gauss, GMM, etc. )



Three basic problem of HMM

® How to train a HMM model?

® Given a sequence X, how to get the likelihood p(X) from HMM model?
® How to find the best decoding path of HMM model?



How to train HMM model?

—( )—>

(PGM) with latent variables.
Apply EM algorithm to HMM, Q(6,6°9) is

HMM is a kind of probabilistic graphic model C\LD C\LD 9
Q(0.6°) =Y p(Z|X6°)In p(XZ|6) HMM

]

=Y p(Z ‘X@"‘d){ln p(z)+ ﬁ: Inp(z,|z,.,)+ ﬁ: In p(x,
7 n=2 n=l

=Y 0@, X0 p(2)+Y Y plz,.2,[XO)n p(z, 2,,)+ YF plz, [X6*)In p(x, |2,)
zZ, n=21z, 1z, n=1 z,
K N K K N K
= zy(znk) Inmz, + Zzzg(zn—l,jzn,k) In Ajk + Zz}/(znk)ln p(x,|2,9) (2)
k=1 n=2 j=1 k=1 n=l k=l
@ @ €)

XQOld) (3)
X0°) (4)

Where y(z,)=p(z.

g(zn—l,jzn,k) - p(zn—l,jzn,k

n is only associated with @O
A is only associated with @
¢ is only associated with @



E step

Evaluate p(Z|X©°'9).
From the form of Q(8, 6°9) of HMM, there is no need to calculate p(Z|X6°'9)
for all Z. Many terms vanish. So just need to calculate

7(Z4) = P(z, |XO)

Xgold)

é(zn—l,jzn,k) — p(Zn—l,jZn,k

Generally, p(Z|X6°) is difficult to estimate in PGM. While using
dependency of HMM, we can simplify the computation.

We will show y(z,,) can be decomposed to forward and backward term.

¥(z,)=a(z,)B(z,) (5)

forward backward

Both of forward and backward term can be computed efficiently.



Forward Backward algorithm

Using independence of PGM, we can decompose y(z, ‘X)

into forward and backward term.

Z_ 4 Z Znt1
y(z,) = p(z, X) .
_ p(X[,)p(z,) 9_’9_’9_’9_’9
p(X)
_ P X, [2,)P (X5 Xy [2,) P(Z,) ® ® ® ® @
P(Xp s X, ) P(X, s Xy ‘xl ..... X,) b ) Xn Xnt1
(XX, 2, ) (X Xy |2,) HMM
PXp X, ) P(X, 055 Xy ‘xl,...,xn)
= a(z,)p(z,) (6)
where a(z,)= pX,,....X,,Z,) (Forward) (7)
" p(x,....X,)
Ha ) POy [8)

(X Xy K X,) (Backward) (8)



Compute «(z,)

(z,) Can be computed efficiently using dependency of HMM
X5 X, 1) (9)

a(z,) = p(z, [x,) = P |ch)P(Zl) (10) ? — ? — 9
D

o(z,) = p(X,,....X,,2,) ] p(X,,...X,) N N

denote ¢, =

= p(X,,....X, [2,)p(z,)/ p(x,,....,X,) o1 Xa X
= p(Xy,--., D! p(x,,...,X,) HMM
= p(x,,....X, ,2,)p(x, |z, )/ p(x,..., X,)
_Zp(xl "'7xn 1> n —1»> Zn)p(x )
_Zp(xp " n 17 n 1)p(zn 1)p(x ] Sy n)
= ZP(XD Tt Xn—l n—1 )p(zn Zn—l )p(zn—l )p(xn n (p(xl7"'7xn—l)p n X1 7777 Xn—l))
=p(x, |z, X,.z,)p(z,|z,)/(p(x,...X,)c,)
1 ~
= C_p(xn n n—l)p(zn Zn—l) (11)



where C = ZP(Xl |Z1)p(zl)

Z,

z,,)| (integrate both side of (11))

c,=> | p(x,

1y,

2,)Y a(z,.,)p(z,

N
*Byproduct: the likelihood of a sequence X: 7(X)= [l

n=1

Compute ,/B(zn)

X5 X,)

Xl L Xn+1 )p(xn+l

Pz, )=pX, Xy ‘zn)/p(xm,...,xN

= z:p(xnﬂ,...,x]\,zn+1 zn)/[p(xn+2,...,xN xl,...,xn)]
L,

X1> Tt Xn+1 )cn+1:|

zn+1 )p(zn+1)/p(zn)/|:p(xn+2>"'>XN

= Zp(xn+1,...,xNzn
zn+

1
:Zp(xn+2,...,xN
L

1

z,.)p(X,,,|z,.,)p(z,

z,)

Z 3(Zn+1 )P(X,.. |2,.)P(Z,.,

nt+l 2,

X)

X)

y(z,) _ Pz,
a(z,) P,

where B(z,)=

zn+l)p(zn+1)/p(zn)/|:p(xn+27"'>XN‘Xl""

(12)

(13)

(14)

> Xn+1 )Cn+1 :|

(15)

(16)



Z n-1 Zn Zn+1

Compute. 6(5.%) O-0-0-0-0
Using conditional dependency of HMM § é @ é @
g(zn—lzn) = p(zn—lzn X) Xn_l Xn Xnt1

_p(X|z,.2,)p(, 2,) HMM

p(X)
— p(xl7 "'3Xn—1 Zn )p(xn ‘Zn )p(xn+l’ "'3XN Zn )p(zn—lzn)
p(X)
_ p(xl7 Tt Xn—l’ Zn) / p(zn )p(xn Zn )p(xn+l """ xN Zn )p(zn—lzn)
p(X)

z, )(z,) (17)

= gz(zn_l)p(xn z,)p(z,



M step

In M step, need to optimize Q(6,0°9) with respect to 8 = {r, A, ¢}

Q(Qaeom) = Z y(z,)Inm, + Z Z Z é:(Zn—l,jZn,k) In Ajk + Z Z y(z,)Inp(x, |z, $) (18)
® @ €©)

n is only associated with @©
A is only associated with @
& is only associated with @

i, A, ¢ are independent, so they can be optimized respectively.



1) maximize

Take constraint Z”,- =1 into consideration, introduce Lagrange function
j=1

K K
Rl(ar,)t):Z}/(znk)lnﬂk+/1[Z7rj—1] (19)
k=1 J=1
Let aRa(" A _o = 1.,k ) ﬂ'k:yi, k=1,..K (20)
7Ty

K
Z 4y
j=1

2 maximize A

K
Take constraint ZAJ., =1 [=1,..,K into consideration, introduce Lagrange function

R(AA,...4)= ZN:ZK: E( nszn,k)lnAijrﬂq[ZK:AU—IJ+...+AK[ZK:AK,—IJ (21)

T~

Mw

n=2 j=1 k=1
a A Zé(zn 1Lj nk)
Let Ry aj;’ A g k-1, LK Ep 4, =2 jk=1..K (22)
Jk Zzg(zn—l,jzn,l)
I=

1 n=2

This shows the elements which are zero in A will keep zero all the time.
So it you want to get left-right HMM just initialize A as upper diagonal matrix.



3 Maximize ¢

I.

Emission distribtution is discrete multinominal distribution

probability density function

M
P, |24 =] [Bw™ 54 B,=1, k=1..K
m=1

where ¢={B_} k=1..K.m=1,...,.M

B, represents the probability of m-th event at k-th state.

To estimate B,,,, introduce Lagarange function

Zu9)+ A4 [iBu _1j + Ay [Z By,

I=1 1=1

R($.6°", Ay ) = D, D ¥(Z,)In p(x,

n=1 k=1

old ﬁ:ynk'xnm
R o) ) oy, 2

= k=1..K;im=1,.
aBkm ﬁ:ynkixnm
n=1 m=1

i

M

the emission distribution can be multinominal, Gaussian, etc. We will discuss
separately.

(23)

(24)

(25)



EM algorithm for multinominal-HMM

1. Init parameters 0 ={m, A, ¢}
where ¢={B_} k=1...K;m=1,.,M

2. E step

Calculate y(z,) using (6)
Calculate ¢(z, ,z,) using (17)

3. M step

N
}/ Zg(zn—l,jzn,k)
my=—"*—, k=1..K Ay =22
2.7, )I)IHENIER
j=1 =1 n=2
N
Zj/nkxnm
; J— k=1 K:m=1_. M

.....

km = N M
2 Yk 2 Ko
n=l1 m=1

4. If converge then stop, otherwise goto 2.



Example

Generate Multinominal-HMM for belowing sequences

Data{1}=(111411122222212222333331333]
Data{2}=[11211111222322222333334333]

State num: 3, multinominal num: 4

Output
n=[1,0,0]

A=[0.87,0.13, 0,00
0.00, 0.90, 0.10
0.00, 0.00, 0.10]

B =1[0.85,0.06, 0.05
0.08, 0.89, 0.00
0.00, 0.05, 0.89
0.07, 0.00, 0.06 ]



II . Emission distribution is Gaussian distribution

wX,) (26)

probability density function P(X, |Z,..9) = N(X,

where ¢={p,.%X,} k=1..,K

Define R,(4,4”) Zu®)

DD ¥z In p(x,

1

n=l

N K

L D 1 1 Tt
zkz:ynk |:_51n(2”)_51n‘2k‘_5(xn_uk) X, (Xn_p‘k):| (27)

1

n=l1

To estimate parameters, let derivative of (27) with respect to
p={pn.,xX.} k=1,..K bezero

N
Zynkxn
=21 k=1,.,K

OR(,6") B ="
_O k—l,,K Z}/nk (28)
n=1

O, I
old > T
OR($:8"") g 1.1 K 2.7 (%, ~ B (X, ~ )

ox, L, = N
Z ynk
n=l1




EM algorithm for Gaussian-HMM

1. Init parameters @ = {x, A, §}

where g ={n,,...n.,.2,,... X} k=1, K

2. E step
Calculate y(z,) using (6)
Calculate ¢(z, ,z,) using (17)

3. M step
N
}/ Zg(zn—l,jzn,k)
m,=—% k=1,.,K 4, = =2 jk=1...K
271]' Z ;5(2;1—1,]2;1,1)
j=1
N N
Z]lnkxn Z}/nk(xn _uk)(xn _"’k)T
p, =L k=1..,K x, == k=1,..,K

N
Z?’nk
n=1

4. If converge then stop, otherwise goto 2.



Example

The graph below shows the trained Gaussian-HMM model using created data.

4.5 . e . i .
$ & e ¢ -
o * - ~  + - .
3.5} state 3. ° . . *
3 s
*
- *
2.5 o = 5 a
ol o B Y
’ 0‘ * {"':.:“ * .
al state 2 T et .
. *
1 L
0.5 ;
state 1
< P SRS, ¢ il
oF : .;f_f" . o & o “":'3‘ -
. Te— o e "
. = . *
-0.5

1 L 1 1 L 1 1 1 L J
-1 -0.8 -06 -0.4 -0,2 0 0.2 0.4 0.6 0.8 1

State num: 3

nt=[1,0, 0] A =[0.95, 0.05, 0.00
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o={n.X,} k=1,.K isshown in graph



GMM-HMM

—( )—>

Gaussian distribution is not able to capture distributions L

with many centers. Especially in ASR, where the timbre
differentiates from person to person.

<

In GMM-HMM, every single state is a GMM model.
Define v as 1-of-K*M random variable, where K is the X
number of state. M is the mixture number of GMM.
v,,=1 represents the k-th state, m-th mixture occurs. GMM-HMM

O-0
I
O O
[ 1
Q O

72 0@

Parameters are 0 ={n,A,¢}
where ¢={B_.pn,.2.,.} k=L..Kim=1...M

B, = p(v,,|z.) is the probability of m-th mixture under k-th state
n,..%,. is mean and covariance of the k-th state, m-mixture, respectively.

Probability density function

p(x‘zk¢) = ZP(Vkm ‘Zk¢)p(x‘vkm¢) = ZBkmN(X‘ukmaka) (29)



Apply EM algorithm to GMM-HMM Z O - —

Compared with GMM-HMM, there are other latent \L \L \I,

variables v, which dominates the emission GMM i O O O

denote X={x,..x,} . é § \L
V={v,..,vy} (30) ®
1-={z,...,2,}

Using independence of GMM-HMM, calculate Q(6,6°9) GMM-HMM

0(6,6°) =Y p(VZ|X6°*)In p(VXZ|)
= Zp(VZ ‘X0°ld) {ln p(z)+ Z In p(z, |z L Z In p(v, |zn) + Z In p(x, |vn)}

N N
=Y p(z, ‘X@““)ln pz)+>. Y plz, 2, ‘X0°ld)ln Pz, 2, )+D.> p(v,z, ‘X9°ld)[ln (v, [2,)+In p(x,|v,) |
Z n=21,,z, n=1v,z,

K N K K N K M D 1 1 e
:;7(Zlk)ln7[k+Z;Z;kz;§(zn4,jzn,k)ln141k"'Zl:kzl:zzlnnkm |:lanm_?ln(2”)_§1n|zkm|_5(xn_p’k) ka(xn_uk):| (31)
= n=1 j=1 k= n=1 k=1 m=

® @ ®



E step
Calculate p(VZ|X6"™)

From (31), no need to calculate all P(VZ‘XQOM) , only the terms below is needed
X0 (32)
E(Zy1 i) = (2,02, [XO™) (33)
Xo° (34)

y(zZ4) =Pz,

nnkm - p (Vnkmznk

(32), (33) can be calculated in same way as (6), (17)

To calculate (34), just use forward-backward algorithm similar to (6)

X)=a(v,2,)B(v,z,) (35)
forward backward

n(vﬂzﬂ) = p(VnZn

where &(Vnzn):p(Xl,...,Xn,Vnzn) (30)
p(x,,...,X,)
Blv.2.) = P uneres X V2,) (37)
DX, s Xy (X5, X))




denote ¢, = p(X,|X},.... X, ;)
gz(vnzn), 3(Vnzn), ¢, can be computed similar to (10) —(16)

Results are given without detailed deduction

p(x,|[v,iz)p(viz) _ p(x,|[v)p(v, [2)p(z,)

a(viz,) = p(v,z, |x,) = o) . (38)
a(v,2,) =~ P, [v,)p(v, [2,) 3 (v, 2, )p(, 2,.) (39)
¢ = p(x,) :,1; pvzx,)= §p£;13}9<v1 2)p(x, V) (40)
¢,= > | P(x, v)p(v,[2,) Y a(v,.z,)p(,z,,) (41)
73(vN"z;>=1 (42)
B =—— 3 B0 )P [V )P 2PV, 1 2,.0) (43)

ntl VuuZ,,



M step
Maximize i, A

The maximization of , A is same as (20), (22).

v
7T, =k k=1.._K (44)

- K >
2711
j=1

Y&z 7
A =L jk=1,..K (45)
ZZ&(ZH,,-ZM)
Maximize ¢

To maximize ¢={B,.n,,.%,,} k=L.,.Kim=1...M
M
Taking constraint >.B, =1, k=1..K into account

I=1

Introduce Lagrange function

Ly - |:lanm —gln(Zﬂ)—%ln|ka|—%(xn _uk)TZ;n(xn _uk):| +4 (iBN _1]4']7( (f:BKI _1j (46)

M=
[M&

R3(¢7¢Old7ﬂ’l7"'7ﬂk) :Z

Y
||

1 1

3
[l



Let the derivative of R,(4,8%, 4, A) With respect to

OR,($, 8", A, M) _ N
oB,, =0 2.2 My

OR,(9,8™" A0, s Ay) _ N
aukm =0 ‘ Znnkmxn

OR,(§.6" Aoy Bu) _ 2ot
oz,

N
z nnkm (Xn o ukm )(Xn o ukm )T
n=l

X, =5 7
Z -
n=1




EM algorithm for GMM-HMM
1. Init parameters 6 ={n, A, ¢}
where 9={B,_.n, .=} k=1L...Kim=1...M

2. E step
Calculate 7(z,), ¢(z,,z,), n(v,z,) from(32),(33), (34)

3. M step N
ylk Zf(zn—l,]zn,k)
T, =——, k=1..,K A, =22 jk=1..,K
27/1] Zzg(zn—ljznl)
=1 I=1 n=2
N N "
Znnkm Z; Mrien X Zﬂnkm (X, =, (X, — ukm)T
By= B Wp=— oy o
Z;Z;nnlg' Zlnnkm Zn"km
n=1 j= n= n=1

4. If converge then stop, otherwise goto 2.



Example

A GMM-HMM with state num:3, mix num:2
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n: [0, 0, 1] ¢$={B,_.n,.~., k=,..K;m=1.,M
is shown on the graph
A: [ 1.00, 0.00, 0.00,
0.03, 0.97, 0.00,
0.00, 0.05, 0.95 ]



Multi Sequence Training

Till now, we train HMM only use one sequence.
In ASR, we have many utterance to train one HMM model for each phoneme / word.

This part will show how to train HMM using multi sequences.

Using independency of PGM, Q(6,6°'9)
0(0,0°) = Z p(Z‘X¢9°ld)ln p(XZ|0)

[Z p(Z(r) X(r)HOId)ln p(X(r)Z(r) Q)J
AR

K R N K K R N K
71(1:)ln7[k+22225(r)(zn 1,2 nk)lnA_]k+ZZZ (r)lnp(x

k=1 r=1 n=2 j=1 k=1 I=r n=1 k=1

z.)  (48)

M:m l M:u

Il
2

r

Where X is the observation variables of r-th seq.
Z\" is the latent variables of r-th seq.



E STEP

Estimatey, §, n for each sequences separately.

= p(z? [X"97) (49)

é::(r) (Zn 1] n k) p(zi(:)l »J ’(1rl‘)7 (r)g()ld) (50)

7" = p(v® Z0 X @) (for GMM only) (51)
M STEP

Optimize (48) with respect to 8 = {r, A, ¢}

ﬁk:% (52)
)
;;711
R N -
A B ;;g (anj nk) (53)




I . Multinominal Distribution

B, =—* (321 (54)

R N R N© ) - .
r r r s 4
Z y:lk)xil ) Z }/nk (Xn o uk)(xn o uk)
My = rZIRn:;/“) - Zk == R N© (55)
’ (r)
rz=1: - Ve Z ]/”;
r=1 n=
1. GMMm
R N© R N -
(r r) R N .
L &2 2, 2, D IPILIICHRTI O
km R N M " Pim = r_R n;;m L = R NO (56)
d (r) r
; n=1 Jzz;n”k] Z nnkm Z 7751/031



Decoding of HMM

Q: How to find the best decoding path?
A7, = max p(Z X) = max p(ZX)

Zn—l)H p(x,|z,) (57)

N
= max p(z))] | p(z,
n=2

However, we need to evaluate all possible Z which is KN times
to get accurate solution. This infeasible.



Viterbi Algorithm

Use greedy algorithm to estimate optimized path step by step.
By discarding paths with low probability and storing previous step,
the computation complexity decreased to K*N

Viterbi Algorithm

Vi = P(X, |2,)% p(234) °\ * / \ ' / *
Vie = P(X,|2,)% p(z,,) . . o o o
forn=2:N .\ . . . .
Vo =max(V,, % Pz 70, ) < PR, |2,)
path(n—1)= j Path stored

path(n) = argmaxV,,
j



Experiments in small vocabulary ASR

12 Mfcc feature (only choose the 1%t and 2" dimension to plot)

1. Gaussian-HMM, state num: 6
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2. GMM-HMM (6 states, 2 mixutre)

With the increase of dataset, Gaussian-HMM is not able to capture the timbre
of different people, gender, age.
We can use GMM-HMM model instead.

.person 1

WL ’
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r s, 6 )
of - ,/’é’vlﬂ

*
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&
‘e T
-4r . \’
o\
0

“kaimen” 5 ’
However, GMM-HMM is sensitive to the initial parameters. The tricks we
are using in this example is:
1. Use Gaussian-HMM to train different people separately.
2. Combine the data point which are in the same state. Use GMM to
initialize the parameters.
3. Run GMM-HMM to fine-tune the model.



Results

Dataset: 20 Isolated Chinese words. 11 male + 9male. Altogether 800
pronunciations.
10 male and 9 female for training. 10 male and 10 female for testing.

Feature: 12 dimension MFCC

Model: Gaussian-HMM, GMM-HMM

Gaussian-HMM 82.25%
GMM-HMM 84.00%



Weakness of HMM

1. Markov assumption

The next state is only dependent upon the current state. So is poor at
capturing long-range correlations between the observed variables.

p(zn+l Zl""’Zn) — p(zn+1 Zn) (58)
2. Stationary assumption
p(zn+1 Zn) - p(zn Zn—l) (59)

3. Output independence assumption

The current output is conditionally independent of the previous output.

pX|Z)=]] p(x,

Z) (60)



Tricks of HMM

1. HMM is more sensitive to the initial parameters than GMM. So it is
easy to get into local minimum.

Solve: Use GMM or other methods to initialize parameters.
Initialize parameters randomly and run HMM separately for several times.

2. For Gaussian-HMM & GMM-HMM,, if eig(Z) is too small. Then
21 will be unstable.

Solve: if eig(Z) < e then 2 =% + ol



3. If p(x]|z) is Gaussian or GMM pdf, underflow may occurs.

1 1
X)= ——(x—p)' 27 (x-
p(x|p.X) e eXp( 2(X p) Xo(x u)j

if this term is too small,
after exp it will underflow

Solve: use In p(x|z) to instead p(x|z) in code implementation.
For Gaussian
D 1 1 e
lnp(x‘z):ln7r—Eln(Zﬂ)—Eln‘Z‘—E(x—u) X (x—p)
For GMM

if this term is too small,

In p(x|z =lnm7sz ) 2
p(x|z) mz; N, E,) after exp it will underflow

= anexp[lnﬂm —%1n(27r)—%ln‘Zm‘—%(x—um)TZ;nl(x—um)j

m=1

= {anexp(ln T, - %111(272’) —%ln‘):.m‘ —%(x— p) X (x— um@} +U
m=1

Normalization factor,
To avoid underflow




4. According to (11), (15), &(zn), ,@(zn) may underflow, and
7(z,) will be unstable

Solve: Use Iny(z,), lncn,lnoAz(zn), lnﬁ(zn) replace y(z,), cn,&(zn), ﬁ(zn)

if this term is too small,
Zn—l)) after exp it will underflow

=—Inc, +1n p(x, ‘zn )+ {ln Z exp (ln oAz(zn_1 )+Inp(z, |z, @} +U

Normalization factor,
To avoid underflow

Ina(z,)=—-Inc,+Inp(x,

zn)+ln26xp(ln a(z, )+1In p(z,

The same strategy can be applied to Inc,, In ﬁ(zn)
y(z,)=ca(z,)B(z,) willturnto

Iny(z,)=na(z,)+n B,



Furthermore, for parameter estimation, such as (28) will turn to

N N N
ZYnkxn zexp[ln ynk]xn Zexp [(ln ynk)_U] Xn
_ n=1 _ n=1 _ n=1

- N - N - N
S Yewplin,] Zexp[(lnm@
n=1 n=1 n=1

if this term is too small, Normalization factor,
after exp it will underflow To avoid underflow

K




Matlab Code

https://github.com/qgiugiangkong/matlab-hmm



THANK YOU!



